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I. INTRODUCTION 



Appelquist and Chodos ||T| were the first to use the effective potential formalism to study 
the problem of spontaneous compactification in Kaluza-Klein theories. The hope was that 
quantum effects could explain the smallness of the extra dimensions. It was soon realized 
that results obtained using the standard effective action theory were dependent on which 
quantum gauge fixing condition was used 0, |^. This non- uniqueness was overcome 0, |^ 
by the introduction of a new effective action formulated by Vilkovisky and modified 
by DeWitt It is now known as the Vilkovisky-DeWitt (VD) effective action and has 
the merit of being gauge choice independent. Progress in compactification, however, im- 
mediately slowed to a snail's pace [|, ^ |10], |ll], |12|, [13], |14|, |l5l, because the VD effective 
action for gravity involves evaluating determinants of complicated non-local operators (even 



at one-loop). In |T6|, we were able to make progress with the six-dimensional case of a 
general background spacetime. We evaluated the divergent part of the VD effective action 
by extending the four- dimensional methods of Barvinsky and Vilkovisky |jT^. Due to the 
complexity of this calculation, we concluded that it is next to impossible to push this method 
to higher dimensional general spacetimes. 

In this paper we therefore restrict ourselves to specific even-dimensional Kaluza-Klein 
backgrounds of the form x S'^ . In the next section we briefly review the VD effective 
action formalism. We then extend the method of Barvinsky and Vilkovisky to these higher 
dimensional cases and expand the effective action in terms of functional traces of various 
operators. In this way we can extract the divergent part of the effective action by only 
considering a finite number of terms. 

In Section III, the formalism is applied to Einstein gravity. The eigenvalues of the opera- 
tors |l^] mentioned above are evaluated for gravity fields on x S*^ backgrounds. Using 
these eigenvalues, we then extract the divergent parts of the VD effective action. Because 
the internal geometry is assumed static the effective action only gives the effective potential. 
In Section IV two applications are made of these results. First, gauge- independent trace 
anomalies for gravitons are explicitly given for N=2, 4, and 6. Second, if the divergent part 
of the effective potential dominates the dynamics of the internal spheres, self-consistent sta- 
ble configurations are shown not to exist. Conclusions are given in Section V, and formulae 
for the divergent parts of functional traces, relevant to these calculations, are listed in the 



2 



Appendix. 



II. VILKOVISKY-DEWITT EFFECTIVE ACTION 

In this section we briefly review the formahsm of the Vilkovisky-DeWitt effective action. 
We follow closely the method of Barvinsky and Vilkovisky Ijl^, as well as their notation. 



Consider first a general gauge theory with the action 5'*^[$], where is the set of fields 
with i in the condensed notation representing both the spacetime and gauge indices. Let 
be the generators of gauge transformations, 

5¥ = Q^e", (1) 

where e° is the gauge parameter. Since the action 5"-^ is gauge invariant, 

Up to one- loop, the gauge fixing action in the background field gauge is given by 

= —X^'c^pX^ (3) 

where x" is a linear gauge condition, and c"^ is a local, invertible matrix. Both and Cafs 
may depend on the background field. The corresponding ghost operator is (5^(5x^/(5$'), 
and the one-loop effective action can be written as 

= -^Trln F,, + Trln {qIj^J , (4) 

where 

However, the one-loop effective action W is gauge dependent in general, that is, it depends 
on the choice of the gauge fixing action S^^ when the background field is not a solution of 
the classical equation of motion, 

£^^4r = 0- (6) 

This poses a problem using the effective action formalism in off-shell calculations, for exam- 



ple, in calculating the trace anomalies for gravitons ||2^, and in studying the spontaneous 



compactification of Kaluza-Klein spaces P . This gauge fixing problem can be resolved by 
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using the VD effective action, since this effective action is manifestly independent to the 
choice of gauge conditions. 

At the one-loop level, the VD effective can be obtained simply by replacing the functional 
derivative in the ordinary effective action by a covariant functional derivative 

= ij^_r^^ (7) 

where the connection consists of two parts, 

r{, = I I + 1;^. (8) 

k 1 

> is the local Christoffel symbol constructed in the usual manner from a configuration 
i 3 J 

space metric 7ij, 

k \ 1 

\ = + (9) 

2 j J ^ 

where the derivative in 7;jj = 6'yii/6^^ represents the ordinary functional derivative. The 
configuration space metric is the new ingredient in the VD theory. A prescription for defining 
it has been given by Vilkovisky [^]. The non-local part Tj^ of the connection comes from the 
gauge constraints, 

Tt, = -2Qi(.7,)ziV"^Q;, + 7(.iv°^Q;,Q^QL7,>iv^^Q::, (10) 

where the derivative in Q^.^ is the covariant functional derivative defined with the Christoffel 

\ k ] ^ , 

symbol < > , and A^"'^^ is the inverse of N^^ , 

N-^N^' = ^Z, (11) 

with 

N-^' = 7^JQ^Qi■ (12) 

Here we have used the convention of symmetrization such that ^(i-Bj) = ^{AiBj + AjBi). 
A detailed derivation of Tjj can be found, for example, in |21]]. Therefore, the one-loop VD 
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effective action can be written as 



where 



1 / . 6x^\ 

iWunigue = --TrlnJ^y + Trln ( Qaj^ I , (13) 



D f6S^\ ^X^ 



^X" pfc^ ...v 



To calculate the divergent part of iWunique, "we separate the local and the non-local parts 
of JF. First we define the Green's function Q such that 

Therefore, using —Q^^ to represent the above operator in the parenthesis, 

= -g~i\5\ + g'^Tt^8,). (16) 

The contribution of JF to the VD effective action can then be written as 

- ^TrlnJ^ = -^Trln^-^ - iTrln(l + gT£) 

= --Trln^-^ - -TrlnM + -TrlnM^ + ■ ■ ■ , (17) 
2 2 4 ^ ^ 

where Mj = Q^'^T^^Ek- The various traces can be evaluated with the help of the following 
identities. From Eq. (Q), 



(6Q 



£^ + Q'c.S% = 0. (18) 



From the definition of the operator in Eq. (pISD , 



S% = -Q^ + { \ \s.+ ^-£cJ-i,. (19) 



« 3 



If we choose the DeWitt background gauge p2 



% = -c-'"^Qj7,.. (20) 



we can obtain minimal operators [0 with the appropriate choice of Cap- In the DeWitt 
gauge, 



and the ghost operator 



Qa 



5$' 



Therefore, Eq. (|T8D becomes 
fSQ 



£i + Ql 



V 



Multiphng both sides by Q^^N""^, we have 

This is the needed basic identity. If we multiply both sides by N^^'^Q^ j^Ei 



£k + l^kQ':c-''''Ql^l, I = 



« J 



(22) 



(23) 



(24) 



(25) 



where 



Uof, 



We have also used the fact that 



(26) 
(27) 



QaQr,i£j ~ Qa{i.Q'''y£j)]'i- Qj£j;i 



-QaQ 



k 



£k 



QjQa,i£j^ 



(28) 



is symmetric with respect to the indices a and 7. We can obtain yet another identity by 
multipling the basic identity, Eq. (p^ , with 'jkiQly, 



(29) 
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Applying again the basic identity, Eq. ( pQ]) becomes 

= c,^(5;^-f/i^ + f/2?). (30) 
With these identities we are in a position to evaluate the various traces in Eq. (|T^. First, 
TrM = g'^T.^^Sk 

= -Tr[/i + 2Tr[/2 - Trf/2 + Tr[/if/2, (31) 



where we have made use of both the identities in Eqs. (]25|) and (|30|) . Similarly, we can 
evaluate the traces of higher powers of M. 



TrM^ = -Tr[/2 ^ 2Trf/2 + 2TrUf - 2Trt/if/2 + TrU^ - 6TrUlU2 + ATiU^ 

-2Trf/f f/2 + 4Trf/i + 0{S^), (32) 

TrM^ = 2TrU^ - STrf/it/a - 6Trf/2f/2 + 6TrU^ 

-3TrU^ + 9TtU^U2 - 3TtUiU^ + 0{S^), (33) 

TrM^ = -TrU^ + 2Trf/2^ - ATiU^ + 16Trf/f [/2 - UTiUiUl + 0(f ^), (34) 

TrM^ = -Trf/i^ + 5Trf/j^f/2-5Trf/if/2^ + 0(^^). (35) 

Note that we have expanded the various expressions only up to the fifth power of the first 
functional derivative £i of the action. To calculate the divergent part of the VD effective 
action, one needs only terms up to some power of £i, depending on the dimensionality of 
the spacetime that one is considering. 

Finally, the VD effective action in Eq. (|T^) can be expanded in terms of the various traces 
of the operators Ui and f/2, 

= -^Trln^-^ + TrlnA^-^ 

+ ^Trf/2 - lTrf/2 + h:iul - ^Trf/if/2 + h:iut 

-^Trf/2f/2 + ^Trf/2 + ^Trt/f - ^Trf/ff/2 + ^Trf/it/^ + 0(^6). (36) 

Using this expression we evaluate the divergent part of the VD effective action for Einstein 
gravity on Kaluza-Klein spaces x in the following section. 



III. EINSTEIN GRAVITY ON KALUZA-KLEIN SPACES x S 



N 



Here we shall apply the formalism set up in the last section to the case of Einstein gravity. 
Because such calculations are very tedious to carry out for general spacetimes (see we 
restrict ourselves to Kaluza-Klein backgrounds of the form x . 



A. Einstein gravity 



We start with the n-dimensional Einstein-Hilbert action, 



= J crx^{R - 2A), 



(37) 



where A is the cosmological constant. The first functional derivative 
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fiUX 



6S' 



G 



JflU \ 



-{R"' -Ig'^R -2A)). 



The gauge symmetry is the general coordinate invariance, 



(38) 



(39) 



where e^(x) is the gauge transformation parameter, Vfj, is the ordinary covariant derivative, 
and 

Q^„yx,ay = -{9tJ,a^ v + fi'i.Q V^)(5"(a; - y) . (40) 

Because of this gauge symmetry, the second functional derivative of the action, S^^ is a 
singular operator. 

5S^ 



Sgt,u{x)Sgai3{y) 



'(p 
2 



-g'^^Rp. - -^gpaR""^ + -^gp.g'^^R -{R- 2K)5% 



:/3 
pa 



5"(a:-y)/v^, (41) 



where 



"per 



{g^'^g'^^ _|_ gtJ-Pg'^'^ _ g^^^g^f^"^ 



(42) 
(43) 
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To invert ( PD we need to pick a gauge, and again as in the last section, we choose the 
DeWitt gauge. The DeWitt gauge requires a metric for the configuration space of g^u{x). 
The one given by Vilkovisky is ||^ 

-f^"''''''^y = C^''''"^y^ S'^ix-y), (44) 

in which C^^'""^ is exactly the same as the factor in front of the operator S**?-. With this 
metric 7ij and the choice of c^i, = 5^,^, the DeWitt gauge becomes the harmonic gauge and 
the corresponding graviton operator in Eq. (^) is minimal ||T9| , 



^g.^R'^^ + -^g.^g'-^R -{R- 2A)6f,. (45) 

TIj Til 

Note that for simplicity we have left out the spacetime coordinate indices, and we shall do 
so in the subsequent discussion. The ghost operator in Eq. (|2^) is now simply, 

N^v = -{.9^..^^Ry.v). (46) 

To find the expression for the local operator in the VD effective action, we need the 

Christoffel symbol \ \ . From the metric ^y'^'^'"^ above, 

i J 



"per ^ "po- 2 ^ 2^°" n — 2 



9liu 9al3 

The operator has the form 



G-':'=-iC^+p^.% (48) 



where 



+-^{^7.^ + -gau9''^)R - A R - 2K)5f,. (49) 

Note that we have left out an overall factor C''^'^'"^ which is irrelevant in this particular 
calculation. 
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Next we would like to find the expressions for the operators f/i^ and ?72^^- To do so we 
need to use the following equations. 



and 



11 n 

+-(RP- - -gP^R)V. + : 

2^ 2^ ^ ^ 2n-2 



(50) 



1 / 2n 



-R'^Rai/ + R°'^R 



(51) 



Now, the operator Ui'^ and are given by 

1 /„ 2n 



5-,R^^V.V.-R^,U--^R 



A (5"n + i?") 



(V°i?"^) - (V"i?^") - (V^i?"° 

6^.A,...{(V;3i?^")-^/"(V;3i?) 

where iV^ is the ghost Green's function 



+ 



(52) 



^ /3 



D''^^''^' -(r- -^^A ] C"^^'"'^ 
V n-2 

R - -^a] C"^^'/ 
n-2 J ^ . 



V,. 



V,}iV^^ (53) 



(54) 



and 



We have written down the expressions for the operators A^~^, Ui, and U2, which are 
present in the VD effective action. In principle, the divergent part of the VD effective action 
can now be evaluated by working out the traces of different combinations of these operators. 
However, the algebra gets exceedingly tedious as one goes to higher dimensions. In |]TB| , we 



have considered the case of n = 6, but going to larger values of n seems to be impossible. 
In the following analysis, we therefore restrict ourselves to the specific cases of Kaluza- Klein 
spaces of the form x S'^ . 
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B. Eigenvalues of various operators on x S 



N 



Here we work out the eigenvalues of the operators A^^^, G^^, Ui, and f/2. To distinguish 
between external spacetime and internal space indices, we use Greek letters for external 
spacetime and Latin letters for internal space S'^ . Since the traces of these operators are 
divergent in general, a regularization scheme is needed. We adopt the method of dimensional 
regularization by taking the external spacetime dimension to be a general d and we take 
d ^ 4 — e at the end to extract the divergent parts. Hence in this subsection we first assume 
the spacetime dimension to be M'^ x S*^. 

First we consider the ghost operator A^~^: 



N- 



u 

_ia 



:nrf + n^) + -(iV-l) 



(56) 



(57) 



where is the d'Alembertian on Af^, while Dat, t, and are the Laplacian, the radius, 
and the Ricci tensor on 5*^, respectively. The off-diagonal terms N~^^ and A^~^^ vanish. 

The eigenvector r]^ of N~^^ is a vector with d components on M*^ and a scalar on . 
Consequently, |T8| , 

N-'^r^'^ = [e - AOr/^ (58) 



where is the momentum and 



A; 



l{l + N-l) 



(59) 



for / = 0, 1, 2, ■ ■ ■ is the scalar Laplacian eigenvalue on with degeneracy 



{21 + N - l){l + N-2)\ 
/!(Ar- 1)! ■ 



(60) 



The eigenvectors of A^ are t]^"^ and 1]^^. rf^ is the transverse part of if, which is a scalar 



on M'^ and a vector on , with 



The eigenvalue of rf^ is 



{VnW =0. 



(61) 



(62) 
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for / = 1, 2, ■ ■ ■ with degeneracy 

+ N -1){21 + N -m + N -3)\ 

(iV-2)!(/ + l)! • ^^^> 

And the eigenvalue of if^ , the longitudinal part of rf', is 

iV-W=(^'-A/-^(iV-l))^'^", (64) 



for / = 1, 2, ■ ■ with degeneracy d\^\n). 

For the operator , the eigenf unctions are symmetric tensors. First, ?7q,/3, which is a sym- 
metric tensor on M'^ and a scalar on S"^, can be decomposed |18[ into the transverse-traceless 
(TT) part rj^J , the longitudinal-transverse-traceless (LTT) part rj]^^ , the longitudinal- 
longitudinal-traceless (LLT) part , and the trace (Tr) part rj^p. rj^J has (rf — 2)((i+ l)/2 
components on ikf^, 

5-'tvT, = (k' - A, + 5^A'(A' - 1) - ^vTT^'^) (65) 

^aj''" "~ 1) components on M'^, 

r/^^""" has 1 component on M*^, 

also has only 1 component on ikf^, 



Ar + d-2' 



A ) ^.T- (66) 



^^'.aIC^. (67) 



N + d-2' 



Q-^-\^^ - ie -A,+ 1 N{N-l){N-2) _ N + d \ 

y ,.Va^-y^ ^i + 2r2 N + d- 2 N + d-2^)'^^''- ^^^^ 

They all have degeneracy Di^\n) with / = 0, 1, 2, ■ ■ 

Similarly, rjab is a scalar on M'^ and a symmetric tensor on . 

for / = 2, 3, ■ ■ ■, with degeneracy 



TT 



(69) 



(,) ^ (AT + l)(Ar - 2)(/ + Ar)(/ - 1)(2/ + AT - !)(/ + AT - 3)! 
' ^ ^ 2(Ar -!)!(/ + 1)! 



(70) 
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Q abVcd 

for I — 2,3,- ■ ■, with degeneracy D^'"\n) 



e-'iv^-' = [k' - A, + ^(JV - DiN - 4) - ^^^^^a) i". 

for I — 2,3,- ■ ■, with degeneracy Di^\n). 

^..cd Tr _ (.2 , ^ 1 A^' + A^'(2d-7)-27V(3d-7)+4(d-2) 



(71) 



(72) 



2r2 



A^ + d-2 



:A 1 vll: 



N + d-2 

for / = 0, 1, 2, ■ • •, with degeneracy Di^\n). We also have the off-diagonal terms, 

,ab^ _ {N-l){N-2)d ^ 



(73) 



ah'HLi 



2r^{N + d-2) 



(74) 
(75) 



2r^{N + d-2) 

The eigenfunctions and are seen to be coupled together, and forms a 2 x 2 matrix 
in the subspace of these eigenfunctions. The determinant of this matrix is 



det^TY^ 



■ _ 1 iV(iV-l)(iV-2) _ N + d 

2r2 + A^ + d-2 

2 . 1 A^^ + A^2(2d-7) -2A^(3d-7)+4(d-2) _ N + d 
^ ~^'^2? N + d-2 

N{N -1)^{N -2)d{d-2) 



N + d-2 



-A 



4r4(Ar + d-2)2 ■ ^^^^ 

TTTLLT LLTT rl 

There are also eigenfunctions 7]^^ , 77^^^' , rj^j^ , and r^^^^ . rj^^^ is a transverse vector on M 
as well as on 5*^, and so on. r]^^^ has {d — 1) components on M"^, 



^-'^^.Y = ^ - A. + £.(iV + l)(iV - 2) 



1 



1 



N + d 



-A v''' 

2 \ ■ 2r^'" ' ~' N + d-2 J '^'^ ' 

for I — 1,2, ■ ■ ■, with Di^\n). rjl^ has {d — 1) components on M'^, 



(77) 



^-^M' = i - A. + ;i(A^ - 1)(A^ - 2) 



N + d 



for Z = 1, 2, • • •, with Df\N). r}];^ has 1 components on W^, 
G-'t^l'^ -\{k'-^i + ^,{N + l){N- 2) 



^a) ril^\ (78) 



A^ + d-2 



(79) 
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for Z = 1, 2, • • •, with Df'{N). r]^ has 1 components on M'^, 



N + d 



(80) 



N + d-2 

for / = 1,2,---, with dI'\n). 

For C/i(^, the eigenfunction 77^ is a vector on M'' and a scalar on 5*^. rj'^ has d components 
on M'^, 



fi-Ar(Ar-l)- ^ + ^ a] ik^) 



(81) 



for / = 0, 1, 2, ■ ■ ■, with degeneracy d\^\n). 
For Uil, the eigenfunctions are rf^ and 77''^. 



'^(iV + 2)(iV-l)-^^A)(*^) 



\2r^ ^ ' N + d-2 



for / = 1, 2, • • •, with degeneracy Di^\n). And 



A| (A, + ^ 



J)"'", (82) 



(5L(^ + 2)(iV-l)-^^Aj(F) 



4_A (A,4(iV-l)) 



1 



(83) 



VA;2-A,-^(7V-l)y ' ' 

for I — 1,2,- ■ ■, with degeneracy dI^\n). 

The eigenvalues of C/2 are more complicated. After lengthy calculations, we obtained the 
following results. For the eigenfunction r]"'^, which has {d — 1) components on Af^, 



"(2^-<--)-^-)^<*^) 



k'-Ai + i,NiN-l)-j^^A 



A (AO 



k^-Ai + i,(N-l){N-2)- 



N+d 
N+d-2 



A, 



1 



(84) 
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for / = 0, 1, 2, ■ ■ -, with degeneracy Di^\n). For eigenfunction rj^'^ , which is a scalar on M'^, 



1 



. f 1 A.(/V - 1) - J^aV f A, + ^ 



1 



P - A; + AiV(iV - 3) 



for / = 1, 2, ■ ■ with degeneracy D\ (N). 



N+d 
N+d-2 



A 



1 



^5) 



For the eigenfunctions rj'^^ and r/^^, they are coupled together. For / = 0, 



N + d 



1 



d ) (2r2^^^ N + d-2) \k^J + J^N{N -1) 



N+d 



A 



2r2" ' V" ' N+d-2 

1 Ar(A^- 1)(A^- 2) iV + d 



' 1^ j ^ ^ N + d-2 J \2r^ N + d-2 

1 N^ + N^{2d-l)-2N{U-7)+A{d-2) N + d 
y ^ 2^ N + d-2 

N{N-lf{N-2){d-2)'^ ( 1 



A^ + rf-2 



-A 



-A 



1 



1 



N + d-2 J \ky detOfJo 
1 



Ar^{N + d-2y 



N + d An 
-A 



2^2^(^ 1)" N + d-2^y Kk^J {detg^^)i=o 



N(N-m-2) / 1 (^_i„^_2)_JVH^^ 



1 



2r^{N + d-2) V2r2 



Ar + ci-2 ; (dete?T/)i=o 



(86) 



where (det^x/)i=o is the expression det^T^^ in Eq. ( |76D evaluated at Z = 0. The other 
eigenfunctions do not contribute in this case. For / = 1, 2, ■ ■ 



U2'X'' 

2('-^] (±NiN-l)- ^ + ^ ^ 
[ d \2r^ ^ ' N + d-2 



k^-Aj \k^-A, + ^N{N-l) 



N+d 

^lyyiy - N+d-2 
2 



A 



k'-A,J \e-A, + ^(N-l)(N-2)- 



N+d 
N+d-2 



A 
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■ ' , J o J y2r^ N + d-2 N + d-2 ' 



d \2r^ ^ ' N + d-2 



' 1 N^ + N^{2d-7)-2N{3d-7)+4:{d-2) N + d 

+ ^ N + d-2 N + d-2^ 

1 \2 1 



N{N-mN-2)id-2r / j_ _ N+d \ 

4r^{N + d-2y \2r^ ^ ' N + d - 2 ) ^ ' - Kj detg^} 
N{N -l){d-2) f 1 .^^ ..^^ ^, N + d ,\,,2n/ 1 A 1 



Tr 



(87) 



A;2 _ A,; V^' - A, - ^(iV - 1); - + 2^(A^ - - 2) - i^Ay/ 

f J-fAT + 2)(Ar - 1) - ^ + ^ a] ( ^ mN-l){N-2) _ N + d \ 
[2r2^^+^)^^ ^) N + d-2^)[2r^ N + d-2 N + d-2^)^''^ 

'2 . 1 N^ + N'^{2d-7)-2N{3d-7)+A{d-2) N + d \ 
-A' + ^ N + d-2 N + d-2^) 

I \ f 1 \ 1 



k^-AiJ -Ai- ^{N -1)J detg^"- 
NiN-mN-2)did-2) / I ^ 2)(iV - 1) - ^ + a] i^) 



F - A,; - A/ - ^(AT - 1); detg^' 
(N - l)(iV - 2)(. - 2) ^ 1 _ _ N + d X 



2r2(A^ + (i-2) V2r2 ' ' N + d-2 



7/ 



' 1 A / 1 A 



k^-Aj \k^-Ai-^{N-l)J - + A^(N -1){N -2) - j^^A 
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1 N{N-l){N + 2d-2) N + d 



2r2 N + d-2 N + d-2 



, , 1 iV(iV-l)(iV-2) N + d ^\ f 1 



A;' - A, + — — — - - 1 — 



2r2 N + d-2 N + d-2 J - Ai 

1 A 1 



- Ai- ^{N -1)) det^Tr^ 
N(N-inN-m,-2) /I _ _ _ N + d \ 

Ar^{N + d-2y \2r^^ ' N + d-2 )^ ^' 

I \ ( 1 \ I 



k^-Aj \k^ -Ai- UN -I)) detail 



Tr 



2r'^(N + d-2) \2r'^ ^ ' N + d-2 
_ 2 N^ + N{d-3)-{d-2) \ f 1 \ 
' r2 N + d-2 \k^-A,J 



1 



k^-Ai-MN-l)J detg^^ 



,'N-1\ ( 1 , N + d V f ^ N 



1 



k^ -Ai-^N-l)) \k^-Ai + ^{N - l)(iV - 4) - 



2 



/ 1 w 



- A, - ^(iV - 1); - A/ + 2^(iV - l)(Ar - 2) - ^A^ 



A (AO 



iV y V2r2 ' ' N + d-2 
1 iV(iV- l)(iV + 2ci-2) N + d 



2r2 iV + ci-2 iV + d- 2 



(89) 



/ _ 1 Ar(iV-i)(iV-2) _ iV + ^ \ / 1 \ _J_ 

\ '^2r2 Ar + rf-2 iV + ci - 2 J [k^ - Ai - ^N - 1) J detG^,' 

I (iV-im-2)M^-2) / 1 A^ + ^ ,\ . . ^ 

+ Ar\N + d-2Y 1,2;^^^^ N + d-2^) ^^'^ 

/ 1 V 1 



{k^-Ai-^N-l)) detg^,' 



2r^{N + d-2) \2r^^ ' N + d-2 
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2 N^ + N{d-3)-{d-2y 
^ N + d-2 



V ■ 



(90) 



Both 7]'^^ and rj'^^ have degeneracy Dl^'{N) 



C. VD effective actions for gravitons on x S 



N 



With the eigenvalues of the various operators in the last subsection and the divergent 
parts of their traces listed in the Appendix, we can evaluate the divergent parts of the VD 
effective action on M'^ x S'^ . 

Let us start with TrlnA^^^, the ghost contribution to the VD effection action. From 



Eqs. dl), (H), and (|6|), we obtain on x 5 



N 



div 



TrlnAT-i""^ = rf^ ^ Dj^)(Ar)ln(A;2 - A,) + ^ ^ Dr^(iV)ln ( A;^ - A 



k 1=0 k 1=1 

oo / 9 

+ m:D\'\N)\n (fc^-A,-4(Ar-l) 



N 



k 1=1 ^ 

If we start the summations over / from / = 



div 



(91) 



div 



oo oo y AT 

TrlnAT-i = rfj] J] Z^f )(Ar)ln(A;2 - A,) + E E A;^ - - ^ 

k 1=0 k 1=0 ^ 

oo 



k 1=0 



-*-i:ta(*''-^)-i:in(«=-^(A'-i) 

k ^ ' k ^ ' 



div 



k 1=0 

oo oo ^i/Ar\^/i 

+ EEA^^^(^)MA:^-A0-EEA^^Hiv)E7(§ 



q=l 



k 1=0 k 1=0 

oo oo 

+ E E Dl-'\N)Hk' - AO - E E dI'\n) e - 

k 1=0 k 1=0 q=l ^ 

1 /N\'^ ( 1 



q \r 



k^-Ai 



1 (2{N -lY 



1 



P-A; 



fc k q=l y 



1 /2(iV- 1)^ 



A;2 



din 



(92) 
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where we have Taylor-expanded the logarithmic function. Using the results in the Appendix, 



TrlnAT-i 
(47rr2)2e 



div 



(iV) + 5F(^) (iV) - ^ - ( - ) (0, g, A^) 



^ 1 ( 2{N-1) Y 



Therefore, for = 2, 



GW(0,g, AT) + 5^,(1) (^)'(2/) + (^ 



1\ (2{N -\) 



TrlnA^-^ 



div iVa 



For AT = 4, 



For AT = 6, 



TrlnAT-^ 



(47rr2)2e 



TrlnAT-^ 



(47rr2)2e 



24 
4640 



(47rr^)^e 

Similarly for Trln^~^, we have for N — 2, 

div iV4 



189 

1232816 
10395 



Trln^?-^ 
For AT = 4, 



(47rr2)2e 



106 257,, 2x 2x2 189,, 



2\3 



(93) 

(94) 
(95) 
(96) 

(97) 



For AT = 6, 
Trln^-^ 



(47rr2)2e 



div iYa 



7574 67552,, 13504,, 1664,, 128,, 

\ (Ar^) {Kr^Y H (Ar^)^ {Kr^r 

45 315 ^ ' 135 ^ ^ 81 ^ ' 81 ^ ^ 



(98) 



(47rr2)2e 



5833069 26312047,, 2x 6498535,, 2x2 8375,, 

(Ar^) H {Kr^Y {Kr^ 



3360 



24192 



24192 



256 



18125 2x4 6875 2x'; 
■{Kr^Y - ,„,-„ (Ar^)^ 



(99) 



9216 ' ' 147456 

Next, for the operator f/i, one can evaluate the trace of some general power of the 
operator. The results are the following. For N = 2, 





div 




div 








div 







iVA 



(Airr'^Ye 
{iirr'^Ye 
(47rr2)2e 



148 26 



(Ar^ 



. 15 5 
24 - 40(Ar^) + 18(Ar^)^' 



(100) 
(101) 
(102) 
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For = 4, 



Tr[/i 



\div 



div 



13432 95504 



2835 



{Airr 
(47rr 



45 

6908 3808,, 13312,, 



2\2, 



5 

9612 



9 



405 



^ _ 996(Ar^) + "^{Kr-f - ^^{Kr^f 
29412 3136.. 2752,, 



35 



(Ar^) + 



(47rr2)2e 

2048,, 1024,, 2N4 



15 



81 



729 



For A^ = 6, 
TrC/il' 
TrC/i^ 



(47rr 



1670863 67301 



i\4 



TrC/f 



Tr[/i^ 



Trt/i^ 



(47rr2)2e 
{A'Kr'^Ye 



945 756 
803450 101855 



(Ar^ 



63 63 
193775 53575 



6 



_(A^2^ 77815 2)2 

^ ' 1512 ^ ^ . 

2^ 22475,, 2x2 2125 
(Ar^) H — {Kr^Y - 



48 



192 



(Ar 



2\3 



(47rr 



2^2, 



2197000 91375 



2\2 



63 



(Ar^) + 1125(Ar^) 



.!1^(A^2X3^ 625 2)4 

144 ^ ' 576^ ' . 



div 



{Anr'^Ye 

15625,, 2x4 



41524375 996875,, 1611875,, 18125 



2\3 



3024 192 
3125 



2016 



288 



(Ar") 



(Ar2)5 



(103) 
(104) 
(105) 

(106) 

(107) 
(108) 
(109) 

(110) 
(111) 



6144 ' ' 73728 

For traces involving the operator C/2, the calculation is more complicated. Following the 

same procedure as above, we obtain, for N = 2, 



TrUiU2f'' = 



For N ^4, 



TrU, 



I div 



iVa 



{A'Kr'^Ye 



Wa 



10 + l(Ar^)-^(ArY + ^(Ar^)3 

151 73,, 2x 81,, 2x2 
— - y (Ar^) + -{Kr^f - -(Ar 



2\3 



(112) 
(113) 



1724 328,, 2x 20432,, 
— ^(Ar^) + {KrY 



{A.Tir'^Ye 

128,, 2x3 1024,, 2x4 

-{Kr^Y + ^;;:^7r(A?^ 



405 



TrC/iC/2 



dill 



9 

iF4 



{Am 



729 

5211 4976,, 176,, 

(Ar^) - -r^(Ar^)' 



(114) 



15 



15 



20 



TrUfU2 



div 



div 



128 , , o, o 



1024 



9 



(Ar 



2\4 



(47rr2)2e 
2048 



729 

4419 1936,, 2x 5008,, 



81 



4657 



(47rr 



2\2, 



2048 



3 

1024 

729" 
9952 

^5~ 
1024 



2\4 



(Ar 



(Ar^) + 



81 (A'-V + -if(ArY 



27 



25312 
135 



2\2 



(Ar^) 



(115) 



(116) 



(117) 



For AT = 6, 



I div 



TrC/iC/2 



Trt/i3t/2 



Tr[/i[/2' 



div 



(47rr2)2e 



2016 

717125,^ 2x3 
+ (Ar^)-^ 



2356505 10560265,, 12249815,, 2n 
+ (Ar^) (Ar^) 



2\2 



32256 



96768 



36864 



26875 
18432 



(Ar 



2\4 



3125 
73728 



(Ar 



2\5 



Wa 



(47rr2)2e 



26262425 2887775,, 3084025,, 2x2 
-(Ar^) + (Ar^)^ 



230125 



12288 



2304 
(Ar2)3 + 



1536 



18432 



26875 
18432 



(Ar^)^ - 



3125 
73728 



2n5 



(Ar') 



iVA 



(47rr 



2^2^ 



3026375 



144 

43625,, 2N3 



39073375,, 9993125,, 

-(Ar^) H (Ar^)' 



8064 



32256 



6144 



26875,, 2N4 3125 2x5' 
-(Ar^)^ H (Ar^)^ 



18432 



73728 



iVa 



5418875 



384 



3549125,, 2x 7434625,, 

(Ar^) + {Ar^y 



387875 



6144 



(Ar 



2\3 



672 

15625 



9216 



iVA 



609125 
96 



6144 
998125 

1536 



(Ar2)4_|l^(Ar2)5 



(Ar") 



73728 
2394875 

4608 



2\2 



(Ar^) 



163625,, 2N3 36875,, 2^4 3125 ,, 2^■s 
(Ar^)^ - (Ar^)^ + (Ar^)^ 



iVA 



2304 ' 9216 

117011375 38508875 



36864 



(47rr 



2^2^ 



8064 



7168 



(Ar^ 



26252375 
32256 



2\2 



(Ar') 



583625,, 2x3 15625,, 2x4 
■(Ar^)^ H — (Ar^)^ 



3125 



(Ar')^ 



;il8) 



(119) 



(120) 



(121) 



(122) 



(123) 



9216 ' ' 6144 ' ' 73728 

Putting all these together, we can obtain the divergent parts of the VD effective actions 
for various x 5"^ Kaluza-Klein spaces. For x 5"^, we have 



div 

unique 



1 



1. 



1, 



= TrlnAT-i - -Trlnfi?"' + -TrC/i + -TrU^ - -TrC/2 + -TrU^ 



iVa 



(47rr2)2e 



2 

2249 25,, 2x 

\ (Ar ) 

840 2 ^ ' 



6 



1 div 

^TrUiU2 



(124) 
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This result is consistent with that in ref.[0 where the divergent part of the VD effective 
action was calculated in a general six-dimensional background spacetime. For x 5*^, 



div 

unique 



1 



1. 



1. 



TrlnAT-i - -Trln^"^ + -Trf/i + -TiU^ - -Trf/a + -Trf/j^ - -Trt/if/s 



iVA 



2176 



2 

41657 
540 

„2\3 



4 

div 



6 



7850,, 2n 6152,, 
— — (Ar^) + -r^(Ar ) 



135 



448 



243 ^ ^ 729^ ^ 
Finally for x S*^ we obtain, 

1 



(125) 



div 

unique 



TrlnA^^' - -Trln^"^ + -Trf/i + -TiUt - -Trf/2 
2 2 4 ^2 



6 



Trf/f - -Trt/if/2 



+-Trf/i^ - iTrt/2f/2 + ^Trf/^ + ^TrU', 



8 



div 



476483023 10896475,, 32112235,, 

+ (Ar^) {Ar^y 



591360 

549625,, 
+ . (Ar^)'^ - 



21504 



258048 



36864 



10625 
12288 



(Ar^)^ + 



625 
32768 



(Ar 



2\5 



(126) 



IV. APPLICATIONS 



In this section we make two applications of the above effective actions. We give trace 
anomalies and we search for self-consistent configurations of the internal Kaluza-Klein 
spheres. 

Some explanation of a trace anomaly is in order for gravity. Einstein gravity is not Weyl 
invariant and the trace part we calculate is NOT a combination of the anomalous and the 
"normal" contributions. What we calculate below is the "anomalous" part of the trace, as 
discussed in previous works. In "Trace anomaly for gravitons" |^ Critchley argues that 
the "anomalous" part of the trace is given by 02, while the first terms of his (4) gives the 
"normal" contribution, irrespective to the value of (. For Einstein gravity, this is equivalent 
to his (48), which is the same as our calculation. It is in this sense that we calculate the 
"anomalous" part of the trace anomaly. This is not the same as the usual trace anomaly 
in which the original classical action is conformal, while the quantum action is not. For 
nonconformal theories. Duff in his (29) gave a definition for the anomaly, which we 
suspect is the same as what we have calculated. 
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This problem is also discussed in "Quantum fields in curved space" [^. On page 179, the 
authors mention that for fields which are not conformally invariant, there will be extra non- 
anomalous (normal) terms, which are really the same as the first terms of (4) in Critchley's 
paper. 

The paper "Non-conformal renormalized stress tensors in Robertson- Walker space-times" , 
Pm by Bunch and Davies, gave a rather detailed calculation for the stress tensor for a 
massless, but minimally coupled scalar (therefore a non-conformally invariant field) in a 
conformal Robert son- Walker spacetime. Their (3.16) gives the total trace of the stress 
tensor of the quantum theory and (3.18) gives the "normal" part of the trace. Subtracting 
(3.18) from (3.16) (using Duff's definition) gives (3.19), the "anomalous" trace part which 
should be equivalent to what we have calculated because (3.19) is proportional to 

In the spirit of the above we can easily determine the gauge-independent VD trace 
anomaly for gravitons from the divergent part of the effective action of the corresponding 
Kaluza-Klein space. The appropriate expression is: 



div 

unique 



where 



fx I ren 
VsN 



(127) 



is the volume of the sphere S . Thus, for M x S \ 



(4vr) 



135 



63 /A^ 
4 I r2 



25 /A\ 2249 / 1 



for X S\ 



(47r)4 
and for x 5^ 

{TP ren 



896^4 4352 /A^^ 
243 ~ ~8F 



12304 /A2^ 



45 



(4vr) 



9375 ,, 53125 /A^^ 
A^ - 



f - 



840 



;i28) 



15700 /A\ 41657 /1 



27 



90 



(129) 



8192 



1024 



336875 i^A^^ 
74 



+ 



54482375 / A \ 476483023 



1792 



9856 



384 
1 

1^ 



160561175 i^A^^ 

r.6 



21504 



(130) 



The pure A terms in all three cases can be compared with |^ and the N = 2 case agrees 
with [|16 . 
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Our second use of the VD effective actions computed above is to produce stable configura- 
tions of tlie internal spheres. Because quantum fluctuations of the gravity field itself (about 
the Kaluza-Klein background) are generating the corrections to the effective potential, any 
stable configuration should be called a self-consistent dimensionally reduced configuration. 
For a stable configuration to be of interest it should have a positive renormalized Newton's 
constant Go- Most efforts to find such configurations have used the naive effective action 
(see |25|, ^) and have failed. Stable configurations were found but only with negative 
gravity constants. Those efforts that attempted to correctly use the VD effective potential 
have not gotten past the simplest cases: x or x S'^, and M'^ x x S^. For these 
cases no acceptable configurations were found either |], |, ^ |l^, [Tl|, . 

Because of our lack of knowledge of the finite part of the effective potential we will 
assume that the divergent part (oc 1/e) dominates at one-loop. We can then easily seek stable 
configurations for the internal geometry, i.e., configurations where the classical gravity forces 



balance the quantum gravity (Casimir) pressures. We follow |24] and seek configurations 
satisfying 

V(r) - — - ^ > 
dr ' dr"^ ' 

where the potential V{r) is the negative of the 1-loop corrected effective action: 

The bare value of Newton's 4-dimensional gravity parameter G depends inversely on the 
sphere's volume Vsn [see ( |127| )], i.e., G x Vsn is the initial gravity constant in 4+N dimen- 
sions. Values for VT^tig^e can be found in (|mp, (|m]), and ( [T^ ). 

There are only two static configurations for even dimensions < 6 (see columns 2 and 3 of 
Table I), one stable and one not. 

Columns 4 and 5 relate the bare parameters to their renormalized values. Because Ein- 
stein gravity is not renormalizable we are rather unconstrained in our use of the effective 
actions (potentials). We have done the 1-loop renormalization by rewriting (|131D as 



(47r)2er 



{co + ci(Ar^) + c,{ArY + ■■■ + c^/2+2(Ar^)^/'+'} , (132) 
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TABLE I: The only 2 static configurations for x 5^ (N = 2, 4, or 6) at 1-foop. Columns 2 and 
3 are required by stability (d'^V/dr^ > 0), columns 4 and 5 relate the bare parameters G and A to 
the renormalized parameters Go and Aq, and columns 6-8 are resulting parameter values computed 
using columns 2-5. 



N 


Ar2 


G/er^ 


G/Go A/Ao 


r^Ao 


GoAo/e 




2 


2.3609 


0.17076 


-1.3857 4.9834 


0.47375 


-0.058377 


159.15 


6 


5.6876 


-22.931 


221.15 2.9948 


1.8991 


-0.19692 


92.636 



and collecting the and ^ terms to get two equations: 

/A^(A^-1)\ 



167 



(134) 



The constants cn/2+i and cn/2+2 can be read from ( |124]) ,( [125|) , and ( |126|) . Solving these two 
equations gives: 



Go 
A 

a; 



1 + CN/2+1 {Ar'f^'^' iG/7rer')/N{N 
_ 1 + {Ar'f/'^' {G/7cer')/N{N 



(135) 
(136) 



1 - c^/2+2 (Ar2)^/2+i (G/7r6r2)/2. 
Both stationary configurations in the Table have negative values for the external dimen- 
sional regularization parameter e = 4 — d and positive values for the renormalized Newton's 
and cosmological constants Gq and Aq. The N = 2 configuration is stable but requires a 
negative bare gravity constant G. The = 6 configuration has a positive unrenormalized 
gravity constant G, but is unstable. 

Two input parameters, e.g., Go and Aq, are required to evaluate all other parameters (see 
columns 6-8) including the renormalized 0{N + 1) coupling constant = {N + l)8'n'Go/r'^, 
see ||2^. As expected, this theory cannot apply to the current phase of the universe where 
Aq < 10~^^m~^ and Gq = 2.6 x 10^™m^, but perhaps to one of the pre-infiation phases 
where GqAq ~ 10"^. 
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V. CONCLUSIONS 



We have demonstrated how to evaluate the divergent part of the VD effective action for 
Einstein gravity on even- dimensional Kaluza-Klein spacetimes of the form x 5*^. First 
the effective action is expanded as a series of functional traces of various operators including 
A^^^, Q^^, Ui, and U2 and some of their products. Then the eigenvalues of these operators are 
obtained by decomposing the corresponding eigenf unctions, vectors or symmetric tensors, 
into their irreducible parts. Using these eigenvalues, the divergent parts of the traces can 
be obtained, thus giving the divergent parts of the VD effective action. The formulae used 
to extract these divergent parts are tabulated in the Appendix for N=2, 4, and 6. 

Although the above procedure becomes more and more tedious as one goes to higher 
dimensions, there is no conceptual difficulty in doing so. One can therefore extend this 
method to even dimensions with A^ > 8, as well as to other more general coset spaces 
(provided eigenvalues for the corresponding Laplacians are known). 

From the divergent parts of the VD effective action, we have obtained the gauge- 
independent trace anomaly for gravitons on M'^ x 5*^. The trace anomaly for gravitons 
derived from the usual effective action depends on the choice of gauge condition in the off- 
shell case; however, the VD formalism provides an alternative definition of a unique trace 
anomaly, even when off-shell . Our final application was an attempt to find self-consistent 
dimensionally reduced Kaluza-Klein spaces. Only one was found (N=2) and it required that 
we start with a negative bare Newton's constant. It also possessed much too small of a 
gauge coupling constant to represent the current stage of the universe. 
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In this appendix we evaluate the divergent part of the traces of various operators. We 
use the dimensional regularization scheme in which the dimension of the external spacetime 
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is taken to be 



Then wc extract the part which is proportional to 1/e as e 
The traces that we shall consider are 



(137) 



tV4 



^{5,^,t)(7V), 



^^L>(^''''*)(Ar)(A;2)f 



1 



-G^'^^^^\p,q,N), (138) 



k 1=0 ^k^-Ai{N)J (47rr2)2e 

for p > 0, > 1. 

First, using the proper time method, the divergent part of X^j^lnA;^ can be written as 



k 



div 



Jo T ^ 



div 



(47r)rf/2 Jo 

iVd I, 4. 
-{m ) 



/ dTT-''/''-'e-^^ 
Jo 



div 



m^O 



(47r)2 e 



= 0. 



(139) 



Similarly, 



E 



1 V 



div 



(47r)2 7 



(2)V, 



that is, the trace has a divergent part only when p — 2. 

(t) 



Next, we consider F^^'^'^^N). For = 2, D^*^ = for Z > 1 and 0^% = -3- While 



(140) 



dJ") = dI'^ = 21 + 1, 



(141) 



and 



for Z > 0. Therefore, 



AK2) 



k 1=0 



div 



(142) 



= E(-3)lnfc^ 

k 

= 0, 



(143) 
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and 



div 



k 1=0 



Ei:(2^+l)lnfp + ^ 

k 1=0 \ ' 



div 



V ?^ 



\i=o I 



div 



m^O 



°°rfr iVd e"™ fr^ 



r (47r)'^/2 r'^/s 
z\/4 1 



1 r 4r^ 
r 3 ^ 15r2 ^ SlSr^ ^ ' 



(47rr 



2^2 



315 



(144) 

Note that we have used an asymptotic expansion for the summation over / above for small 



values of r [^. Now we have 



For N 



fW(2) = 0, 



315 



(145) 
(146) 



D 



it) 



D 



(v) 



D 



A, 



-(2/ + 3)(/ + 4)(/-l) 

^(2/ + 3)(/ + 3)/, 

^(2/ + 3)(/ + 2)(/ + l) 
o 

/(/ + 3) 



(147) 
(148) 
(149) 
(150) 



for Z > 0, and the asymptotic expansions, 



y -{21 + 3)(/ + 4)(/ - l)e-^'('+3)/'-' 
^6 



5r^ 
6^ ' 

OO 



lOr^ 



91 508r 127r2 



+ 



806r=^ 



21311r^ 3416r^ 



3r 18 189r2 378r4 2079r6 81081r8 57915rio 



+ 



^^(2/ + 3)(/ + 3)/e-^'('+3)/r^ 

1=0 2 



11 



46r 



19r2 



388r3 



6179r^ 



268r5 



2t2 30 315r2 210r4 3465r6 135135r8 225225rio 
V-(2/ + 3)(/ + 2)(/ + l)e-^'('+=^)/^'' 





1=0 

29 37r 149r2 179r3 1387r^ 13162r5 
6r2 ^ 37 ^ 90 ^ 189r2 ^ 1890^ ^ 10395^ ~ 405405^ ~ 2027025^ 



;i51) 



(152) 



+ ■■■(153) 
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We obtain 



For N ^6, 



^ ' 189' 
^ ' 105' 
^ ' 945 



= l(2i + 5)(i + 6)(i + 3)(i + 2)(i-l), 
L>;^) = ^(2/ + 5)(/ + 5)(/ + 3)(/ + 2)/, 
^'^'^ ^ j^(2Z + 5)(Z + 4)(Z + 3)(Z + 2)(Z + l), 



i([+5) 



for Z > 0, and the asymptotic expansions, 

E i(2^ + + 6)(/ + 3)(/ + 2){l - l)e-'('+s)/'^' 

7r^ 21r2 262 4133t 248r2 958729t=^ 14624t^ 

+ . + 



30t3 5r 27 450r2 99r4 289575r6 3861r8 
11267779r5 _ 357108736r6 
^ 16409250rio ^ 1683589057^ ^ ' ' ' ' 

oo 1 

E ^(2^ + + 5)(Z + 3){l + 2)Ze-^'('+5)/'-' 

1823 487r 3671r2 26461 Ir^ 1603r^ 



12t3 4t2 3780 1260r2 13860^ 405405r6 4290r8 
9333977r5 _ 13067106599r6 

~45945900rio ~ 235702467007^ ^ ' 

oo 1 

E T^(2Z + 5)(/ + A)il + 3)il + 2)il + l)e-'('+5)A^ 

1139 833r 137r2 121442r3 45251r^ 
+ T^ + — + + o + T:^:Tr^ + 



60t3 12t2 5t 3780 2700r2 660r4 2027025r6 810810r8 
23068481t5 1974977293t6 
~229729500rio ~ 23570246700/^ ^ ' 

We obtain 

.<"(e) ^ f , 
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For G^^''"'^^(j),q, N), we again use the asymptotic expansions for various dimensions and 
the same procedure to extract the divergent parts. The results are hsted out in the following 
tables. 



GW(p,g,2) 


q = l 


2 


3 


4 


5 


6 


p = 





— 6r^ 














1 



















2 



















3 














-6r^ 






G(-)(p,?,2) 


q^l 


2 


3 


4 


5 


6 


p = 


15 


3 













1 


16 
315 


15 


2r4 
3 


2r*5 
3 








2 


4 

105r2 


16 

105 


5 


2r4 
3 


^6 

T 





3 


64 


16 


32 


8r2 


2r4 


2rS 


1155r4 


105r2 


105 


15 


3 


5 



G(^)(p,g,2) 


q = l 


2 


3 


4 


5 


6 


p = 


15 


2r4 
3 


^6 











1 


16 

315 


15 


2r4 

3 


2r6 

3 








2 


4 

105r2 


16 
105 


2r2 
5 


2r4 
3 


,.6 
2 





3 


64 


16 


32 


8r-' 


2r4 


2r6 


1155rl 


105r-' 


105 


15 




5 
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G^fp a A) 


0=1 


2 


3 


4 


5 


6 


7 


8 


xj = 


1016r2 


gir* 


lOrS 


5r8 














189 


9 


3 


18 


1 


254 


2032r2 


gir"* 


20r6 


5r^ 











189 


189 


9 


9 


36 


2 


3224 


254 


1016r2 


gir* 




^8 








693r2 


63 


63 


9 


3 


12 


3 


340976 


12896 


508 


4064r2 


91r-4 


4r6 


r8 





27027r4 


693r2 


63 


189 


9 


3 


18 


4 


54656 
3861rB 


1704880 
27027r4 


32240 
693r2 


2540 
189 


5080r2 
189 


91r4 
9 


lOr*' 
9 


126 



G(^)(p,g,4) 




2 


3 


4 


5 


6 


7 


8 


p = 


92r2 


llr* 



















315 


15 


6 


1 


38 
105 


184r2 
315 


llr4 
15 





12 











2 


1552 


38 


92r2 


llr-* 





r» 








1155r2 


35 


105 


15 


20 


3 


98864 


6208 


76 


368r2 


llr" 





^8 





45045r4 


1155r2 


35 


315 


15 


30 


4 


4288 


98864 


3104 


76 


92r2 


llr" 





r8 


15015r6 


9009r4 


231r2 


21 


63 


15 


42 



G'W(p,g,4) 


q=l 


2 


3 


4 


5 


6 


7 


8 


p = 


74r2 

189 


29r4 

45 


3 


^8 

18 














1 


298 
945 


148r2 
189 


29r-* 
45 


2r6 
9 


36 











2 


716 
3465r2 


298 
315 


74^2 
63 


29r4 
45 


r6 
6 


60 








3 


22192 


2864 


596 


296r2 


29r'' 


2r^ 


r» 





135135r4 


3465r2 


315 


189 


45 


15 


90 


4 


210592 


22192 


1432 


596 


370r2 


29r* 


^6 


^8 


135135r6 


27027r4 


693r2 


189 


189 


45 


"9" 


126 



G(*)(p,g,6) 


p=l 


2 


3 


4 


5 


6 


7 


8 


9 


10 


g = 


4133r-2 


524r4 







7^10 

















225 


27 


5 


360 


1 


992 


8266r2 


524r4 


14^6 



















99 


225 


27 


5 


900 


2 


3834916 
96525r2 


992 
33 


4133r2 
75 


524r-4 
27 


10 





7^10 

1800 











3 


233984 


15339664 


1984 


16532r2 


524r4 


42r6 













1287r4 


96525r2 


33 


225 


27 


25 


450 


4 


90142232 


1169920 


7669832 


9920 


4133r2 


524r'* 


7,. 6 










546975re 


1287r4 


19305r2 


99 


45 


27 


5 


720 




11127479552 


180281464 


1169920 


15339664 


1960 


82667'2 


524r4 


6r'' 





,.10 




:-!711:-!0l)j-^ 


liS2:i25c'' 


121);-' 


iD.'ioric- 




7-l> 


27 


-) 


1080 
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G^'^Uv a 6) 

^ KFi Hi ^ > 


D=l 


2 


3 


4 


5 


6 


7 


8 


9 


10 


= 


487r2 
630 


18237-4 
1890 





12 


^10 

144 

















1 


3671 


487r2 


1823r'* 





rS 
















3465 


315 


1890 


24 


360 


2 


1058444 


3671 


487r2 


1823r'' 





ri 


^10 











135135r2 


1155 


210 


1890 


40 


720 


3 


12824 


4233776 


7342 


974r2 


1823r4 





^8 


^10 








715r4 


135135r2 


1155 


315 


1890 


60 


1260 


4 


37335908 


12824 


2116888 


7342 


487r2 


1823r4 





r8 


,.10 





765765rf> 


143r4 


27027r2 


693 


126 


1890 


84 


2016 


5 


104536852792 


74671816 


38472 


4233776 


3671 


487r2 


1823r4 





rS 


^10 


130945815r8 


255255rS 


143r4 


27027r2 


231 


105 


1890 


112 


3024 





'p- 


H- 6) 


P=l 


2 


3 


1 


5 


6 




8 


9 


10 


<1 







833r2 
1350 


1139r'' 
1890 


5 


36 


720 



















1 




137 

165 


833r2 
675 


1139r'* 
1890 


2rS 
15 


^8 

72 


,.10 

1800 
















2 




485768 


137 


833r2 


11397-4 


,.6 


,.8 


,,10 















675675r2 


55 


450 


1890 


10 


120 


3600 




3 




362008 


1943072 


274 


1666r2 


1139r4 


2r6 




,,10 












135135r4 


675675r2 


55 


675 


1890 


25 


180 


6300 




4 




92273924 


362008 


971536 


274 


833r2 


1139r4 


r6 




,.10 









3828825r« 


27027r4 


135135r^ 


33 


270 


1890 


15 


252 


10080 




5 




15799818314 


181517848 


362008 


1913072 


137 


S33r2 


11.39c4 


2,(i 


/■« 


,.10 








130915815/-'' 


127027r)r" 


9009/-' 


135135/' 


11 


225 


1890 


35 


33(> 


15120 
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